Abstract. We extend the notion of monogenic extension to the noncommutative setting, and we study the Hochschild cohomology ring of such an extension. As an aplication we complete the computation of the cohomology ring of the rank one Hopf algebras beggined in [B-W].
Introduction
Let k be a field, G a finite group whose order is relative prime to the characteristic of k and C = k[x]/ x n , where n ≥ 2. Let χ : G → k × be a character. The group G acts on C via g x = χ(g)x for all g ∈ G. Consider the corresponding skew algebra H = C#k [G] . As a vector space H = C ⊗ k[G] and the multiplication is (a ⊗ g)(b ⊗ h) = a g b ⊗ gh for all a, b ∈ C and g, h ∈ G.
Assume there is a central element g 1 ∈ G such that χ(g 1 ) is a primitive nth root of 1. Then H is a Hopf algebra with coproduct ∆, counit ǫ and antipode S defined by ∆(x) = x ⊗ 1 + g 1 ⊗ x, ∆(g) = g ⊗ g, ǫ(x) = 0, ǫ(g) = 1,
for all g ∈ G. These algebras are examples of Rank one Hopf algebras. A generalization of Taft algebras defined in [A-S] for abelian groups G and generalized further in [K-R] (but with the opposite coproduct). The cohomology ring of H was computed in [B-W] , where was also possed the problem of compute the cohomology ring of the other rank one Hopf algebras. That is, those ones in which the relation x n = 1 is replaced by x n = g n 1 − 1 (see [K-R] ). The aim of this paper is to solve this problem. We carry out this task by computing the cohomology ring of the monogenic extensions K[x, α]/ f of a separable k-algebra K (here K[x, α] is an automorphism type Ore extension and f ∈ K[x, α] is a monic polynomial satisfying suitable hypothesis) and noting that each rank one Hopf algebras is such an extension (as associative algebra).
For many of the results the fact that k is a field is not essential. So we fix a commutative ring k with 1, an associative k-algebra K, which we don't assume to be commutative, and a k-algebra automorphism α of K, and we consider the Ore extension B = K [x, α] , namely the algebra generated by K and x subject to the relations xλ = α(λ)x for all λ ∈ K.
Let f = x n + n i=1 λ i x n−i be a monic polynomial of degree n ≥ 2, where each coefficient λ i ∈ K satisfies α(λ i ) = λ i and λ i λ = α i (λ)λ i for every λ ∈ K. Sometimes we will write f = n i=0 λ i x n−i , assuming that λ 0 = 1. For instance, the above conditions hold if the λ i 's are in the center of K and α i = id for all i such that λ i = 0. Finally let A = B/ f . We call A the monogenic extension of K associated with α and f . Notice that under these assumptions, f x = xf and f λ = α n (λ)f for all λ ∈ K, and so f = Bf = f B.
Motivated by the problem mentioned above, we study the Hochschild cohomology ring H study we were able to completely compute the cohomology ring of all the rank one Hopf algebras, which it was our original objective. Our methods extend to the noncommutative setting those of [B] .
The paper is organized as follows: Section 1 is devoted to establish some notations and basic results. In Section 2, we obtain a small resolution of A as an A-bimodule relative to K and we build comparison maps between this resolution and the normalized canonical one. Sections 3 and 4 are the core of the paper. In the first part of Section 3 we use these results to obtain a small cochain complex
. Then, in Subsection 3.2, applying these results we compute the cohomology ring of A, under suitable hypothesis. In Section 4 we apply the results obtained in Section 3 to study closely the cohomology
is the group algebra of a finite group G and α is the automorphism defined by α(g) = χ(g)g, where χ : G → k × is a character satisfying suitable hypothesis. Finally, in Section 5 we solved the problem possed in [B-W] .
Preliminaries
In this section we fix the general terminology and notation used in the following, and establish some basic formulas. Let K, α, B, f and A be as in he introduction. We remark that, from the condition Bf = f B and the fact that f monic, it follows that {1, x, . . . , x n−1 } is a K-basis of the algebra A, both as left and as right K-module. More precisely, given P ∈ B, there exist unique P and 
P < n.
In this paper, unadorned tensor product ⊗ means ⊗ K and all the maps are k-linear. Given a K-bimodule M, we let M⊗ denote the quotient M/ [M, K] , where [M, K] is the k-module generated by the commutators mλ − λm with λ ∈ K and m ∈ M. Given a k-algebra extension C/K, let C 2 α r := C α r ⊗ C, where C α r is C endowed with the regular left C-module structure and with the right K-module structure twisted by α r , namely, if c ∈ C α r and λ ∈ K, then c · λ = cα r (λ). We define
We remark that, since we are tensoring over K and not over k, the twisting by powers of α in the modules is necessary for the well-definition of the maps. 
Consequently, the complex
Proof. We left to the reader to check that these maps are well-defined. Let us check that σ is a contracting homotopy. To begin, it is clear that mσ 0 = id A and σ 0 m(
Making the computation we obtain
To finish the proof, it remains to check that d
as desired.
Comparison maps.
Proposition 2.2. The family of A-bimodule maps
, with homotopy inverse given also recursively by
Proof. It follows by a standard argument in homological algebra.
Recall that ... P and P are defined as the unique polynomials such that
where
Proof. Both, the formulas for φ ′ and ψ ′ can be checked by induction on the degree. The computations for ψ ′ are easy and straightforward. It is clear that the equality for φ ′ is true for 2m = 0, since φ
Assume now the formula for 2m−1. Write
We claim that
In fact,
.........
Similarly,
and so
So, by Lemma 1.1 and the definition of σ 2m ,
Hochschild cohomology of monogenic extensions
Let K, α, f and A be as in he introduction. Given an A-bimodule M, we let M α r denote the k-submodule
The following facts hold:
(1) The cochain complex
where the coboundaries are the maps defined by
introduced in Proposition 2.2, induce quasi-isomorphisms
given explicitly by
where, as in Theorem 2.3,
• |i − ℓ| = m j=1 (i j − ℓ j ). Proof. For the first item, apply the functor Hom A e (−, M) to the resolution C ′ S (A), and use the identification
The second item is a straightforward consequence of Theorem 2.3.
3.1. Cup product. In this subsection we compute the cup product of
(2) If p and q are odd, then
Proof. We use the same notations as in Theorem 3.1. We recall that the cup product in terms of the standard resolution is given by
where a 1p = a 1 ⊗ · · · ⊗ a p and a p+1,p+q = a p+1 ⊗ · · · ⊗ a p+q . Assume first that p = 2u and q = 2v. We have:
where m = u + v. But x ℓ + 1 = 0 unless ℓ = n − 1, and in this case x n = 1. If one wants to consider non-vanishing terms, then all ℓ j must be equal to n − 1 and this also forces that all i j are equal to n. So, the sum reduce to the single term λ 
This finish the proof.
3.2. Explicit computations. Let K, α and f be as in the introduction and let A be the corresponding monogenic extension. In this subsection we are going to compute the cohomology of A with coefficients in A, under suitable hypothesis.
i satisfies the same condition. Hence, it will be sufficient to check that λ ′ x r ∈ A α nm if and only if r = 0 and λ ′ ∈ K α nm , and that λ ′ x r ∈ A α nm+1 if and only if r = 1 and λ
On the other hand,
So r = 1. Moreover, it is easy to check that λx ∈ A α nm+1 if and only if λ ∈ K α nm .
Theorem 3.4. Under the hypothesis of Theorem 3.3, the coboundaries maps of C s (A) are given by
Consequently, if λ n = 0, then the even coboundary maps are zero.
Proof. The first assertion is immediate. Let us check the second one.
where the last equality follows from Theorem 3.3.
Theorem 3.4 implies that α n (λ)λ n = λλ n for all λ ∈ K α nm . Indeed, this can be proved directly from the hypothesis at the beginning of this paper and then it is true with full generality. In fact,
where the first equality follows from the fact that λ ∈ K α nm .
Corollary 3.5. Under the hypothesis of Theorem 3.3, Remark 3.6 . It is easy to refine Corollary 3.5 by describing the cup product in the Hochschild cohomology of the extension A/K. By Theorem 3.2 we know that the product of two homogeneous elements is induced by the multiplication map in K, whenever at least one of them have even degree. On the other hand, if
where the fourth equality follows from Theorem 3.3.
Remark 3.7. Note that the results in Theorems 3.3 and 3.4, Corollary 3.5 and Remark 3.6 do not depend on f , with the exception of its degree n and its the independent term λ n .
Corollary 3.8. Let C n = w be the cyclic group with n elements. Assume that the hypothesis of Theorem 3.3 are satisfied. If λ n is invertible and α n = id, then
where Z(K)(α) denotes Z(K) endowed with the structure of Z n -module given by w · λ = α(λ). 
Proof. We decompose each K α nm as a direct sum
⊥ is the direct sum of the eigenspaces of α with eigenvalue different from one. Clearly
since α n (λ)λ n = λλ n for all λ ∈ K α nm . The result follows immediately from this fact and Corollary 3.5.
Remark 3.10. Assume that the hypothesis of Theorem 3.9 are satisfied. From Remark 3.6 it follows that if λx ∈ H 2m+1 K (A, A) and
where the last equality is true since α(λ) = λ and α(λ
, this implies that the product of two elements of odd degree is zero if the characteristic of k is different from 2, and also if the characteristic of k is 2, but n is odd or 4 divides n. If the characteristic of k is 2, n is even and n/2 is odd, then λx • λ ′ x = λλ ′ λ n .
Next we consider another situation in which the cohomology of A can be compute. The following results are very closed to the ones valid in the commutative setting. Proof. This is immediate.
Corollary 3.12. If α is the identity map, then
: af ′ = 0 .
Cohomology of some extensions of a group algebra
Let k be a field, K = k[G] the group k-algebra of a finite group G and χ : G → k × a character. Let α : K → K be the automorphism defined by α(g) = χ(g)g and let f = x n + λ 1 x n−1 + · · · + λ n be a monic polynomial whose coefficients satisfy the hypothesis required in the introduction. Assume that there exists g 1 ∈ Z(G) such that χ(g 1 ) is a primitive n-th root of 1. In this section we apply the results obtained in Section 3 to compute the cohomological ring of A = K[x, α]/ f . Note that the hypothesis of Theorem 3.3 are fulfilled, takingλ = g 1 . In particular the cohomological behavior of A is independent of the polynomial f , with the exception of its degree and its independent term. Since α is diagonalizable Theorem 3.9 and Remark 3.10 apply. In order to use the former we need first to make some computations. E-mail address: mfarinat@dm.uba.ar
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